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Abstract 

We demonstrate in detail how the space of two-dimensional quantum 
field theories can be parametrized by off-shell closed string states. The 
dynamic equation corresponding to the condition of conformal invariance 
includes an infinite number of higher order terms, and we give an explicit 
procedure for their calculation. The symmetries corresponding to equiv- 
alence relations of CFT are described. In this framework we show how 
to perform nonperturbative analysis in the low-energy limit and prove 
that it corresponds to the Brans-Dicke theory of gravity interacting with 
a skew symmetric tensor field. 

Talk presented at the Giirsey memorial conference, Istanbul, Turkey, 
June, 1994- 



'Supported by the DOE grant DOE-91ER4651 Task B 



1 Introduction 



Classical closed string states are believed to be associated with quantum 
conformal field theories in two dimensions (CFT), which are usually de- 
fined as theories of the single string moving in some nontrivial spacetime 
background. The condition of anomaly cancellation leads to the so-called (3- 
function equation on the background fields. The main advantage of this ap- 
proach is its more or less explicit connection to spacetime geometry, and the 
main drawback is that it usually focuses only on massless fields. Treatment 
of massive fields is problematic and, therefore, characterization of dynamical 
degrees of freedom is obscure. Symmetries also are not explicit because clas- 
sically equivalent CFT may correspond to inequivalent quantum theories. 
Approaches [1-5] based on the operator formalism [6] encounter problems 
dealing with ambiguity of the vertex operator commutator due to contact 
singularity of their T-product. As we will see, this ambiguity is principal as 
it actually makes the string theory nonlinear. 

2 Vertex operators 

We will consider CFT as a family of amplitudes (0)s assigned to Riemann 
surfaces S and obeying sewing property (see details in [7]). It is similar to 
the Segal's definition [8]. In this formalism vertex operators "^{zq) inserted at 
the point Zq can be defined as a family of states {'^{zo))d G Ti-^^ associated 
with disc like environments D of Zq obeying the condition 

Here Spr denotes contraction of amplitudes corresponding to sewing of Rie- 
mann surfaces along the contour F. The T-product of such vertex operators 
can be defines as 

n 

{^0{Z0) ■ ■ ■ ^n{Zn)h = Spdi:.., (g) (^^(^.))d, ® (0)Ee.,- (2-1) 

i=0 

Here are nonintersecting environments of Zi and Eext is their complement 
in E. 

The Virasoro algebra does not have a bounded natural representation in 
-^9D r^YiQ conformal transformations deform the boundary of the disk and. 



1 



therefore, corresponding to them hnear operators are not automorphisms. 
However, we can define such a representation in the space of vertex operators, 
which is independent of the position of the boundary. 

3 Infinitesimal Deformation of CFT 

Infinitesimal deformations of amphtudes can be parametrized by (l,l)-primary 
fields 

(0)e (0)s + '^(O)e, m,: = \j^ (*(^))e d'z. 

Formally we can parametrize vertex operators of the deformed theory by 
vertex operators of the initial theory as 

(T)^ (T)^ + (XT),5, &C£{zo))d = - I {^{z)T{zo))Ddh. 

TT JD 

However, in general, the integral here may be divergent because of the contact 
singularity of the T-product. The simple cutoff regularization 

<^ii(T(zo))s = - / {^{z)i:{zo)hd\, D,„,« = {zeE, \z-zo\<R} 

will violate sewing properties for small disks. Instead we will make an overage 
of such regularizations over infinitely small cutoff radiuses 

^T(^o))e = / 5r{T{zo)hdpi{r). (3.2) 

Here is a generalized measure in R_|_ having support in and integrable in 
a product with all the functions having a finite degree singularity at r = 0. 
Such a measure exists and is fully described by the function 

j-QO 

K[a) = / r^"fx{r)dr (a e R), 
Jo 

satisfying 

A(0) = 1, A(a) = {a> A) 

for some positive A. 
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4 Residue-like operations 

We will call local linear operators from the space of functions on E^+^ having 
diagonal singularities to the space of functions on E residue-like operators of 
rank N and denote them as 

G{zo) =n^^=...=;,gF{zi,. . . ,zo) or G{zo) = nsj^=...=soF{zi, . . . , zq). 



Using T-product (|2.1|) we can define representation of residue-like operations 
by multilinear products in the space of vertex operator functions: 



1-Lih=l ^ i — l<-ZN=--=zo ^0 ■ ■ ■ ^ N, 

dcf 



(T(2;o))s = 7^^^=...=^o(To...TA^)s. 
The deformation (|3.2| ) induce the deformation of this representation 

^;^.„=...=.oTo(^o) ■ ■ ■ t„(z„) = 7^,.,^=._, jo(^o) ■ ■ ■ r^{zr,)^{z). (4.3) 

Here TZ^^, _ is a next rank residue-like operation defined as 

n.F = 7^,„=...=,„^ [ Fdh-ll n.^=...=,,FSz. (4.4) 



^° " " TV JT. TV JT. 



It is, indeed, a residue-hke operation, because the right part of ( |4.4| ) does not 



depend on the area of integration as far as it includes zq. We will call this 
operation a successor of TZz^^^...^^^- A successor of antiholomorphic derivative 
can be shown to be 

5^^,-0 F = -Res^=,oF. 

Here Res2=2^ is a generalized residue operation defined for nonholomorphic 
functions as 

{z- zqY Mk - a) ^ , ^ , ^, 

5 Finite Deformations 

Let deformed amplitudes be defined by the formula 
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Here \1/ is some vertex operator function (not necessarily primary), and the 
contact divergences are regularized by the method (|3.2| ). Then the sewing 
property is automatically satisfied, and only the condition of conformal in- 
variance remains to be implemented. Hereafter we mark all the deformed 
objects with the superscript symbol of the vertex operator function parame- 
terizing the deformation. For parametrization of deformed vertex operators 
we will use the formula 



\ -K JY. 



S 



The energy-momentum tensors for the family of deformed theories parametrize 
by scaled vertex operator function r\E' (r e R) can be shown to obey the 
differential equation 

^Tlf{z) = Al%^{z,)T:^{z)+Bl^^,^{z,)T:^H^) + m. (5.5) 
Here Azi=z, Bz-^=z are residue-like operations satisfying 

dzAz^=z + dzBz^=z = Res^i=2 + Res^=^,. 



Differentiating ( |5.5|) with respect to r and applying (|4.3| ) we can recurrently 
calculate all the higher derivatives of the energy-momentum tensor and then 
substitute them to the Taylor expansion. Thus we have a perturbative for- 
mula for with higher order terms expressed through residue-like opera- 



tions ReSz=zo} Az=zo-, Bz=zo and their successors (|4^). Details on calcula- 
tion of these operations can be found in [7] . The transformation of energy- 
momentum tensor 

-'- zz ^ zz ^z^zi J- zz ^zz^^z^z^ 

-'- zz -'- zz ^z ^ zz ^ZZ^ ^Z ^2 

does not affect translation operators L_i. If the theory is conformally 
symmetrical, there exists $2, $j trivializing the contradiagonal components 
of T"^'*. Then the diagonal components of T"^'*, will be (anti)holomorphic. 
They can be used for calculation of the deformed Virasoro representation. 
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6 Symmetries 



The transformations of ^ 

d^^{z) = d,Uz) + Res,^=,Uz,Mz) + z^z + 0(vI/2) (6.6) 

asym 

can be shown not to affect equivalence classes of theories. They are paramet- 
rized by the pair of vertex operator functions ^ = (^^, ^g). The corresponding 
covariant transformation of vertex operators are 

iT{zo) = Res,=,„^,(z)T(^o) + ^Res,^.,^=,„*(z2)e(^i)T(^o)+^ ^ + 0(^2). 

The symmetry transformation of $ is defined by the requirement for the 
energy-momentum tensor T*'* to transform covariantly. Note that the com- 
mutator of such symmetries depend on \[' and regularization parameters. 
Some symmetries related to global spacetime transformations where also de- 
scribed in [9,10] 



7 Linear approximation 



In the linear approximations the energy-momentum tensor and symmetries 
can be shown to be 



Here 



Then the equations 



ZZ ZZ 



are satisfied if $ is trivial and ^ is a primary field. It corresponds to the 
deformations of the Virasoro operators 

Lt^Lk + ^.£ ^{z - Zo)''dz, Ll^U + ^J^ <^!{z - zofdz, 
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which is equivalent to the deformations proposed in [1]. Some deformations 
corresponding to nonprimary fields were first found in [11,12] in the low- 
energy limit. This relaxation of the equations of motion is compensated by 
the symmetries and does not create additional physical degrees of freedom. 



8 Low-energy limit 

Let us consider deformations corresponding to the vertex operator function 
\l/ = Hy^dX^dX^{z'), where H^^ is a Hermitian matrix with slowly- varying 
coefficients. Then the coordinate vertex operators can be shown to have the 
obey 

{X^{z')X^{z))l ^ -2{:g^^{z):)l\^\z'-zl 



The contravariant metric g'^^ and skew symmetric tensor uo^^ here are equal 
to 



g=U(l)U'^(l). u, = s(j\ 



where 

,sinh (t^HH^) 



U{r) = cosh (rVHRT) + 
Local spacetime symmetries 



VWlP 



up. 



are a particular case of more general symmetries ( |6.6D with the following 
choice of parameters: 

The contradiagonal components of the energy-momentum tensor can be shown 
to be 
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Putting here $2 = df : (j) $2 = df : (J) : we will come to the following 
equations of motion: 

As a consequence of this equations it can be shown that 
2n(j) + A(t)'''(l).^ = - '^dou'^^fdu^^p. 

The parameter m here is the topological constant of the theory which can 
be interpreted as a dilaton mass It is responsible for deformation of central 
charge 
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